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Entropic c-function in thermal state
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1. c-function & entanglement entropy 

2. Gauge/gravity correspondence 

3. N=4 Super-Yang-Mills (CFT) 
• c-function in vacuum state 
• c-function in thermal states 
• effect of the chiral anomaly 

4. Discussion
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1.1  c-Function

➡ IR/UV fixed points: c-function 
equals central charge of IR/UV CFT 

➡ c-function measures              
degrees of freedom 

➡ take a CFT: c-function constant

Zamolodchikov’s 
c-theorem in 2D

c-theorem in 4D  
(the a-theorem)

(a4)UV − (a4)IR

trace anomaly

[Zamolodchikov; JETP Lett.(1986)]

[Komargodski,Schwimmer; (2011)]
[Cardy; Phys.Lett.B(1988)]

[Osborn; Phys.Lett.B(1988)]

energy-momentum 
tensor:

https://arxiv.org/abs/1107.3987
https://doi.org/10.1016/0370-2693(88)90054-8
https://doi.org/10.1016/0370-2693(89)90729-6
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1.2  Entropic c-function

➡ c-function defined by 

entanglement entropy

c2 = 3ℓ
δSa

δℓ
[Casini,Huerta; Phys.Lett.B (2004)]

2D

4D

entanglement 
entropy

a4 = β4
ℓ3

H2

∂Sa

∂ℓ

[Nishioka,Takayanagi; JHEP (2007)]
[Myers,Sinha; JHEP (2011)]

H:   IR-regulator 
! :   known constantβ4

! :   length scale (inverse energy scale)ℓ

https://arxiv.org/abs/hep-th/0405111
https://arxiv.org/abs/hep-th/0611035
https://arxiv.org/abs/1011.5819
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vacuum state empty Anti de Sitter space
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corresponding  
theoriesconformal field theory 

(CFT) 
        N=4 Super-Yang-Mills  
                   theory

gravitational theory 
   Einstein-Maxwell-Chern-    
           Simons theory

boundary of 
Anti de Sitter 
space

radial AdS 
coordinate

CFT

2. Holography: theories & states 

renormalization scale radial AdS coordinate

corresponding  
states

➡a particular metric in gravity 
corresponds to  a particular 
state in the CFT

[Maldacena; Adv.Theor.Math.Phys. (1998)]

https://arxiv.org/abs/hep-th/9711200


Matthias Kaminski                                  Inverted c-functions in thermal states                                                       Page

vacuum state empty Anti de Sitter space

!7

corresponding  
theoriesconformal field theory 

(CFT) 
        N=4 Super-Yang-Mills  
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gravitational theory 
   Einstein-Maxwell-Chern-    
           Simons theory

boundary of 
Anti de Sitter 
space

radial AdS 
coordinate

black 
hole

CFT

2. Holography: theories & states 

renormalization scale radial AdS coordinate

corresponding  
states

➡a particular metric in gravity 
corresponds to  a particular 
state in the CFT

[Maldacena; Adv.Theor.Math.Phys. (1998)]

thermal state black hole

https://arxiv.org/abs/hep-th/9711200
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2.1  Holographic entanglement entropy

strip lengtha
b

b

Definition
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2.1  Holographic entanglement entropy

strip lengtha
b

b

Definition

Holographically dual definition

a

b

a minimal 
surface 
area

holographic direction  z 
(additional dimension)

[Ryu,Takayanagi; JHEP (2006)]

!  is the 5-dimensional 
gravitational constant of 
Anti de Sitter spacetime

G5

https://arxiv.org/abs/hep-th/0605073
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Solution: charged magnetic black brane metric

• magnetic extension of a (charged) Reissner-Nordstrom black brane

[D’Hoker, Kraus; JHEP (2010)]

Einstein-Maxwell-Chern-Simons action

5-dimensional Chern-
Simons term encodes 
chiral anomaly

2.2 Gravity dual to N=4 SYM theory with magnetic field

5-dimensional Einstein-Maxwell action encodes N=4 
Super-Yang-Mills theory with axial U(1) gauge symmetry

Einstein-Maxwell equations 

with numerically known solutions for U, v, w, c

https://arxiv.org/pdf/0911.4518.pdf
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2.3 Gravitational calculation

V|| =
a

∫
−a

b

∫
−b

dx1dx3

minimal surface area

Reminder: metric is

Entanglement entropy

➡ calculate a geodesic in 
conformally deformed AdS metric

a

Recall:

a
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3.1  Entropic c-function in N=4 SYM vacuum state

zero temperature, 

no magnetic field, 

vanishing charge

➡ c-function at all scales 
equal to central charge of 
N=4 SYM, which is a CFT

[Cartwright, Kaminski; arXiv: 2107.12409]

= 2π2 ≈ 19.7

https://arxiv.org/abs/2107.12409
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3.2  Entropic c-Function increases in thermal state

nonzero temperature, 

no magnetic field, 

vanishing charge

➡ c-function increases 

➡ effect of the thermal state 

[Cartwright, Kaminski; arXiv: 2107.12409]

https://arxiv.org/abs/2107.12409
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[Cartwright, Kaminski; arXiv: 2107.12409]

now with 

temperature, 

magnetic field, 

charge, 

chiral anomaly

3.3  Entropic c-Function increases in thermal state

➡ c-function increases 

➡ effect of the charged, 
magnetic, thermal state  
➡ IR limit: thermal entropy 
➡ proposal: measure of 
occupation number

magnetic 
field 
strength

IR-scaling 
as expected 
from 
entanglement 
entropy

https://arxiv.org/abs/2107.12409
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3.4  Effect of the chiral anomaly
[Cartwright, Kaminski; arXiv: 2107.12409]

now with 

temperature, 

magnetic field, 

charge, 

chiral anomaly

length 
scale !ℓ

➡ maximal effect at 0.1 

(thermal entropy has no 

maximum)

https://arxiv.org/abs/2107.12409
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3.4  Effect of the chiral anomaly
[Cartwright, Kaminski; arXiv: 2107.12409]

now with 

temperature, 

magnetic field, 

charge, 

chiral anomaly

length 
scale !ℓ

➡ maximal effect at 0.1 

(thermal entropy has no 

maximum)

effect of quantum 

critical point?

[D’Hoker, Kraus; JHEP (2010)]

https://arxiv.org/abs/2107.12409
https://arxiv.org/pdf/0911.4518.pdf


Matthias Kaminski                                  Inverted c-functions in thermal states                                                       Page !15

4. Discussion 

c-function  

• entropic c-function defined from entanglement entropy 

• entropic c-function in thermal states increases towards low energies (IR)   

• proportional to thermal entropy in IR-limit (analytic result) 

• peaked at intermediate scale of  !B/T2 ≈ 0.1

Applications 

• heavy-ion-collisions:  measure for thermalization 
via distribution of states 

• quantum critical points (QCP): detect QCP            
via change in scaling behavior

length scale

c-
fu
nc
tio
n

[Yang et al.; Nature (2014)]

https://www.nature.com/articles/nphys3060
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APPENDIX
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Schematic picture: probing energy scales
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Numerical data confirming schematic picture
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Thermal entropy
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c-function proportional to thermal entropy in IR
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Effect of chiral anomaly: entanglement entropy


